Conformal fields in flat space-time of even dimension greater than or equal to four are studied. Second-derivative formulation for spin 0, 1, 2 conformal bosonic fields and first-derivative formulation for spin 1/2, 3/2 conformal fermionic fields are developed. For spin 1, 3/2, 2 conformal fields, we obtain gauge invariant Lagrangians and corresponding gauge transformations. Gauge symmetries are realized by involving the Stueckelberg fields. Realization of global conformal boost symmetries is obtained. Also, we demonstrate use of the light-cone gauge for counting of on-shell degrees of freedom in higher-derivative conformal field theories. *
Introduction
In view of the aesthetic features of conformal field theory a interest in this theory was periodically renewed (see [1] and references therein). Conjectured duality [2] of large N conformal N = 4 SYM theory and type IIB superstring theory in AdS 5 × S 5 has triggered intensive and in-depth study of various aspects of conformal fields. Conformal fields in space-time of dimension d ≥ 4 can be separated into two groups: fundamental conformal fields and shadow fields. This is to say that field having Lorentz algebra spin s and conformal dimension ∆ ≥ ∆ 0 , ∆ 0 = s + d − 2, is referred to as fundamental field 1 , while field having Lorentz algebra spin s and dual conformal dimension∆ = d − ∆ is sometimes referred to as shadow field. It is the shadow fields that are used to discuss conformally invariant equations of motion and Lagrangian formulations (see e.g. [1] , [4] , [5] 2 ). In the framework of AdS/CFT correspondence, the shadow fields manifest themselves in two related ways at least. Firstly, they appear as boundary values of non-normalazible solution of equations of motion for bulk fields of IIB supergravity in AdS 5 × S 5 background (see e.g. [7] - [11] 3 ). Secondly, shadow fields appearing in spin 2 field supermultiplet of N = 4 superconformal algebra constitute multiplet of conformal supergravity. The conformal supergavity multiplet couples with fields of N = 4 supersymmetric YM theory. It turns out that IIB supergravity expanded over AdS background and evaluated over Dirichlet problem reproduces of action of N = 4 conformal supergravity [14] 4 . Note also that N = 4 conformal supergravity share the same global supersymmetries, though realized in different way, as supergravity/superstring theory in AdS 5 × S 5 Ramond-Ramond background.
In view of these relations to IIB suprgravity/superstring in AdS 5 × S 5 and supersymmetric YM theory we think that various alternative formulations of shadow fields will be useful to understand string/gauge theory dualities better. In this paper we deal only with shadow fields. These fields will be referred to as conformal fields in what follows. Lagrangian formulations of most conformal fields involve higher derivatives. The purpose of this paper is to develop ordinary-derivative, gauge invariant, and Lagrangian formulation for free conformal fields. This is to say that our Lagrangians for free bosonic fields do not involve higher than second order terms in derivatives, while our Lagrangians for free fermionic fields do not involve higher than first order terms in derivatives. As is well known arbitrary higherderivative theory can be rewritten in ordinary-derivative form by introducing additional field degrees of freedom. Our purpose is to introduce the additional field degrees of freedom so that to respect the following three requirements: i) ordinary-derivative formulation should be Lagrangian; ii) the additional fields should be supplemented by appropriate additional gauge symmetries so that to retain on-shell D.o.F of the generic higher-derivative theory 5 ; iii) realization of global conformal symmetries should be local.
In this paper, we discuss ordinary-derivative formulation of free low spin conformal fields in space-time of even dimension d ≥ 4. Ordinary-derivative theory of interacting spin 2 conformal field in 4d general gravitational background, (i.e. ordinary-derivative form of the 4d conformal Weyl gravity) is discussed in Appendix C 6 .
Preliminaries

Notation
Our conventions are as follows. 
To avoid complicated tensor expressions we use a set of the creation operators α A , ζ, υ ⊕ , υ ⊖ , and the respective set of annihilation operatorsᾱ A ,ζ,ῡ ⊖ ,ῡ ⊕ ,
These operators satisfy the commutators
2)
3) 5 To realize those additional gauge symmetries we adopt the approach of Refs. [18, 19] which turns out to be the most useful for our purposes. 6 As a side of remark we note intriguing matching of spin 2 fields content of ordinary-derivative form of 4d
conformal Weyl gravity and massless higher-spin AdS 4 field theory. This this to say that the ordinary-derivative form of conformal Weyl gravity involves, besides spin 1 field, one metric tensor field and one rank-2 symmetric tensor field. The same spin 2 fields content (i.e. one metric tensor field and one rank-2 symmetric tensor field) appears in massless higher-spin AdS 4 field theory [20] . So a natural question whether this matching of spin 2 fields content is accident. Recent interesting discussion of conformal symmetries of massless higher-spin AdS 4 field theory may be found in [21] .
and will often be referred to as oscillators in what follows 7 .The oscillators α A ,ᾱ A and ζ,ζ, υ ⊕ , υ ⊖ ,ῡ ⊕ ,ῡ ⊖ transform in the respective vector and scalar representations of the so(d − 1, 1) Lorentz algebra and satisfy the following hermitian conjugation rules:
Throughout this paper we use operators constructed out the oscillators,
6)
7)
N υ ⊕ ≡ υ ⊕ῡ⊖ , (2.8)
9) 
Global conformal symmetries
The conformal algebra so(d, 2) of d dimensional space-time taken to be in basis of the Lorentz algebra so(d − 1, 1) consists of translation generators P A , conformal boost generators K A , and generators J AB which span so(d − 1, 1) Lorentz algebra. We assume the following normalization for commutators of the conformal algebra:
12)
Let |φ denotes field propagating in flat space-time of dimension d ≥ 4. Let Lagrangian for the free field |φ be conformal invariant. This implies, that Lagrangian is invariant with respect to transformation (invariance of the Lagrangian is assumed to be by module of total derivatives) δĜ|φ =Ĝ|φ , (2.16) where realization of the conformal algebra generatorsĜ in terms of differential operators takes the form
17)
19) 20) and we use the notation
and R A is operator depending on derivatives with respect to space-time coordinates and not depending on space-time coordinates
The spin operator of the Lorentz algebra is well known for arbitrary spin conformal field. In standard, i.e. higher-derivative, formulations of conformal fields, the operator R A is often equal to zero, while in ordinary-derivative approach, we develop in this paper, the operator R A is non-trivial. This implies that complete description of the conformal fields in the ordinaryderivative approach requires finding not only gauge invariant Lagrangian but also the operator R A as well. It turns out that requiring gauge invariance of Lagrangian and invariance with respect to global conformal symmetries allows us to fix both the Lagrangian and the operator R A uniquely.
Conformal scalar field
As a warm up let us consider spin 0 field (scalar field). To make contact with studies in earlier literature we start with presentation of the standard, i.e. higher-derivative, formulation for the scalar field.
Higher-derivative formulation of conformal scalar field
In the framework of the standard approach conformal scalar field φ propagating in flat space of arbitrary dimension d is described by Lagrangian
where k is positive integer. For k = 0, the Lagrangian describes field associated with unitary representation of the conformal algebra so(d, 2). For k ≥ 1, the scalar field described by Lagrangian (3.1) turns out to related to non-unitary representation of the conformal algebra 8 .
The field φ has conformal dimension
Ordinary-derivative formulation of conformal scalar field
In the framework of ordinary-derivative approach, a dynamical system that on-shell equivalent to the conformal scalar field φ with Lagrangian (3.1) and conformal dimension (3.2) involves k + 1 scalar fields
Subscript 0 in φ 0,k ′ denotes Lorentz algebra spin, while the subscript k ′ determines conformal dimensions of the fields φ 0,k ′ :
We note that, on-shell, the field φ 0,−k in (3.3) can be identified with the generic scalar field (3.1),
In order to obtain the Lagrangian description in an easy-to-use form, we introduce creation operators υ ⊕ , υ ⊖ and the respective annihilation operatorsῡ ⊖ ,ῡ ⊕ and use ket-vector defined by
The ket-vector |φ (3.7) is immediately seen to be degree k homogeneous polynomial in the oscillators υ ⊕ , υ ⊖ ,
Ordinary-derivative Lagrangian can entirely be expressed in terms of the ket-vector |φ . This is to say that Lagrangian we found takes the form
where operator E is given by
Realization of conformal boost symmetries. To complete ordinary-derivative description of the scalar field we should provide realization of the conformal algebra symmetries on the space of the ket-vector |φ . Largely, this realization for arbitrary spin field was already given in (2.17)- (2.20) . All that is required is to fix operators M AB , ∆ and R A for the particular case of the conformal scalar field. For the case of scalar field, the spin matrix of the Lorentz algebra is equal to zero, M AB = 0. Realization of the operator of conformal dimension ∆ on space |φ can be read from (3.5),
Representation of the operator R A on space of |φ is given by
(3.14) 9 The bra-vector φ| is defined according the rule φ| = (|φ ) † . 10 We introduce mass-like term m 2 to show formal similarity between our Lagrangian and the one for massive field.
Plugging this operator in (2.20) we make sure that conformal boost generator satisfies the expected commutator
We note that, having been introduced field content, the Lagrangian and the operator R A are fixed uniquely by requiring that 11 i) Lagrangian should not involve higher than second order terms in derivatives; ii) the operator R A should not involve higher than first order terms in derivatives;
iii) Lagrangian should be invariant with respect to global conformal algebra symmetries.
Spin 1 conformal field
We proceed with discussion of conformal field theory for spin 1 field which is the simplest example allowing us to demonstrate how gauge symmetries are realized in the ordinary-derivative approach. As before, to make contact with studies in earlier literature we start with presentation of the standard, i.e. higher-derivative, formulation for the spin 1 field.
Higher-derivative formulation of spin 1 conformal field
In the framework of the standard approach, spin 1 conformal field φ A propagating in flat space of arbitrary dimension d ≥ 4 is described by Lagrangian
We see that for the case of spin 1 field the integer k turns out to be fixed by dimension of space-time. For k = 0 (i.e., d = 4), the Lagrangian (4.1) describes Maxwell vector field which is associated with unitary representation of the conformal algebra so(4, 2). For k ≥ 1 (i.e., d ≥ 6), the spin 1 field, described by the Lagrangian (4.1), associates with non-unitary representation of the conformal algebra so(d, 2). The field φ A has conformal dimension independent of space-time dimension,
Let us now discuss on-shell D.o.F of the conformal theory under consideration. For this purpose it is convenient to use fields transforming in irreps of the so(d − 2) algebra. Namely, we decompose on-shell D.o.F into irreps of the so(d − 2) algebra. One can prove (see Appendix A for details) that on-shell D.o.F are described by k + 1 vector fields φ I 1,k ′ and k scalar fields 11 Various alternative discussions of higher-derivative theories may be found in [34, 35, 36] . 
Namely, we note that ν is a sum of on-shell D.o.F for vector fields, ν(φ 1,k ′ ), and on-shell D.o.F for scalar fields, ν(φ 0,k ′ ), given in (4.4) and (4.5) respectively: 
The fields φ A 1,k ′ and φ 0,k ′ transform in the respective vector and scalar irreps of the Lorentz algebra so(d − 1, 1). Note that the scalar fields φ 0,k ′ (4.11) appear only in d ≥ 6 (i.e. k ≥ 1). Also, we note that the fields φ A 1,k ′ and φ 0,k ′ (4.10),(4.11) have conformal dimensions
Comparison of on-shell D.o.F given in (4.4),(4.5) and Lorentz fields (4.10),(4.11) demonstrates general rule to be used to obtain field content of gauge invariant ordinary-derivative formulation. Namely, all that is required is to replace on-shell fields of the so(d − 2) algebra by the respective fields of the Lorentz algebra so(d − 1, 1)
12 .
In order to obtain the gauge invariant description in an easy-to-use form we use a set of the creation operators α A , ζ, υ ⊕ , υ ⊖ , and the respective set of annihilation operators,ᾱ A ,ζ, υ ⊖ ,ῡ ⊕ . The fields (4.10),(4.11) can then be collected into a ket-vector |φ defined by |φ = |φ 1 + ζ|φ 0 , (4.14) 
Below we shall see that it is the scalar fields (4.11) collected in |φ 0 that are the Stueckelberg fields in the framework of the ordinary-derivative approach. Having described field content, we are ready to discuss Lagrangian in the framework of ordinary-derivative approach.
Lagrangian. Lagrangian we found takes the form
12 Such a rule can be used when there is one-to-one mapping between spin labels of the so(d − 2) algebra and those of the Lorentz algebra so(d − 1, 1).
where operator E is defined by relations
23)
24)
We note that E (2) (4.22) is standard second-order Maxwell operator rewritten in terms of the oscillators. Gauge transformations. We now discuss gauge symmetries of the conformal theory under consideration. To this end we introduce gauge transformation parameters
The gauge transformation parameters ǫ 0,k ′ are scalar fields of the Lorentz algebra so(d − 1, 1).
As usually, we collect ǫ 0,k ′ in ket-vector |ǫ defined by
The ket-vector of gauge transformation parameters |ǫ satisfies the algebraic constraint 30) which tells us that |ǫ is a degree k homogeneous polynomial in the oscillators υ ⊕ , υ ⊖ . In terms of |φ and |ǫ , gauge transformations take the form δ|φ = (α∂ + b 1 )|ǫ , (4.31)
Two remarks are in order. i) Making use of (4.14), (4.29) it is easy to see that gauge transformations for the ket-vector (4.31) lead to the following gauge transformation for the component fields:
From (4.34), we see that all the scalar fields φ 0,k ′ (4.11) can be gauged away, i.e. these scalar fields are nothing but the Stueckelberg fields in the framework of the ordinary-derivative approach. Thus, we see that our Stueckelberg fields are similar to those used for gauge invariant formulation of massive spin 1 field, i.e. all the Stueckelberg fields can be gauged away. ii) There is some difference as compared to gauge formulation for massive field. For the case of massive spin 1 field, number of gauge transformation parameters is equal to number of Stueckelberg fields. In our case, number of gauge transformation parameters is greater than number of the Stueckelberg fields. This is to say that we have k + 1 gauge transformation parameters (see (4.28) ) and k Stueckelberg fields (see (4.11) ). This implies that having gauged away the Stueckelberg fields we still have one surviving gauge symmetry that is generated by gauge parameter ǫ 0,−k−1 . This surviving gauge symmetry is nothing but the gauge symmetry of the generic higher-derivative formulation (4.1).
Realization of conformal boost symmetries. To complete ordinary-derivative formulation we provide realization of the conformal algebra symmetries on space of the ket-vector |φ . All that is required is to fix operators M AB , ∆ and R A for the case of spin 1 conformal field and then use relations given in (2.17)-(2.20). For the case of spin 1 field, the spin matrix of the Lorentz algebra takes the form
Realization of the operator of conformal dimension ∆ on space of |φ can be read from (4.13),
A , (4.39) ii We summarize our result in this section. We started with field content implemented by analysis of on-shell D.o.F of higher-derivative spin 1 conformal theory and look for ordinaryderivative formulation by requiring that: i) Lagrangian should not involve higher than second order terms in derivatives.
ii) gauge transformations and operator R A should not involve higher than first order terms in derivatives.
iii) Lagrangian should be invariant with respect to gauge transformations and global conformal algebra transformations. These requirements fix Lagrangian and gauge transformations uniquely. The operator R A is fixed uniquely by module of gauge transformation operator, as it is expected in any theory of gauge fields.
We finish discussion of ordinary-derivative formulation of spin 1 conformal theory by presenting component form of the Lagrangian and the gauge transformations for the case of spin 1 conformal field in d = 6 (i.e. k = 1). This is the simplest example involving the Stueckelberg fields. .11)). In terms of these fields, the Lagrangian (4.20) takes the form
This Lagrangian is invariant with respect to gauge transformations (4.31), 
Plugging this solution in Lagrangian (4.47) gives the standard higher-derivative Lagrangian
Spin 2 conformal field
We proceed our study of ordinary-derivative formulation of conformal field theory with discussion of spin 2 conformal field. In the literature, such field is often referred to as conformal Weyl graviton. As before, to make contact with studies in earlier literature we start with presentation of the standard, i.e. higher-derivative, formulation for the spin 2 conformal field. In due course, we review our result concerning the counting of on-shell D.o.F for spin 2 conformal field.
Higher-derivative formulation of spin 2 conformal field
In the framework of the standard approach, spin 2 conformal field φ AB propagating in flat
where C ABCE is the Weyl tensor. The field φ AB has conformal dimension ∆ φ AB = 0. Lagrangian (5.1) can be rewritten as
and we use notation as in [1] :
3) is invariant with respect to linearized diffeomorphism and local Weyl gauge transformations
where ξ A and ξ are the respective diffeomorphisms and Weyl gauge transformation parameters.
We now discuss on-shell D.o.F of the conformal theory under consideration. As before, to discuss on-shell D.o.F we use fields transforming in irreps of so(d − 2) algebra. One can prove (see Appendix B for details) that on-shell D.o.F are described by k + 1 rank-2 traceless symmetric tensor fields φ 
We note that this ν is a sum of D.o.F for fields given in (5.8)-(5.10) 13 :
For various dimensions, the ν and the decomposition (5.12) are as follows:
In last column in (5.16) in expressions like X × Y Z , the Y stands for dimension of spin Z totally symmetric irreps of the so(d − 2) algebra, while X stands for multiplicity of the spin Z irreps of the so(d − 2) algebra.
Ordinary-derivative formulation of spin 2 conformal field
Field content. To discuss ordinary-derivative and gauge invariant formulation of spin 2 conformal field in flat space of dimension d ≥ 4 we use k + 1 rank-2 symmetric tensor fields φ
The fields φ AB 2,k ′ , φ A 1,k ′ and φ 0,k ′ are the respective rank-2 tensor, vector, and scalar fields of the Lorentz algebra so(d − 1, 1). Note that the scalar fields (5.19) appear only in d ≥ 6 (i.e. k ≥ 2). Also, we note that the fields in (5.17)-(5.19) have conformal dimensions
As before, we use the oscillators α
, we see that the ket-vector |φ is degree 2 homogeneous polynomial in the oscillators α A , ζ and degree k homogeneous polynomial in the oscillators ζ, υ ⊕ , υ ⊖ . In other words, the ket-vector |φ satisfies the relations
Also, note that the ket-vectors |φ 2 , |φ 1 , and |φ 0 are the respective degree k, k − 1, and k − 2 homogeneous polynomials in the oscillators υ ⊕ , υ ⊖ , i.e., these ket-vectors satisfy the relations
We note that ket-vector |φ 0 , which collects the scalar fields (5.19), appear only in d ≥ 6 (i.e. k ≥ 2).
32)
33)
37)
We note that E (2) (5.31) is standard second-order Einstein-Hilbert operator rewritten in terms of the oscillators. Gauge transformations. We now discuss gauge symmetries of the Lagrangian. To this end we introduce gauge transformation parameters,
The gauge transformation parameters ǫ A 1,k ′ and ǫ 0,k ′ are the respective vector and scalar fields of the Lorentz algebra so(d − 1, 1). Then, as usually, we collect gauge transformation parameters in ket-vector |ǫ defined by
The ket-vector |ǫ satisfies the algebraic constraints 46) which tell us that |ǫ is a degree 1 homogeneous polynomial in the oscillators α A , ζ and degree k homogeneous polynomial in the oscillators ζ, υ ⊕ , υ ⊖ . The ket-vectors |ǫ 1 and |ǫ 0 satisfy the algebraic constraints 47) which imply that |ǫ 1 and |ǫ 0 are the respective degree k and k − 1 homogeneous polynomials in the oscillators υ ⊕ , υ ⊖ . Gauge transformations can entirely be written in terms of |φ and |ǫ . This is to say that gauge transformations take the form
Two remarks are in order. 
From (5.52),(5.53), we see that all the vector fields φ A 1,k ′ and the scalar fields φ 0,k ′ can be gauged away, i.e. these fields are nothing but the Stueckelberg fields in the framework of the ordinary-derivative approach. Thus, we see that all Stueckelberg fields of ordinary-derivativeapproach can be gauged away, as in the case of gauge invariant formulation of massive spin 2 field.
ii) However there is some difference as compared to gauge formulation for massive spin 2 field. For the case of massive spin 2 field, number of gauge transformation parameters is equal to number of Stueckelberg fields. In our case, the number of gauge transformation parameters is greater than the number of Stueckelberg fields. This is to say that, firstly, we have k + 1 vector gauge transformation parameters (see (5.40) ) and k Stueckelberg vector fields (see (5.18)), secondly, we have k scalar gauge transformation parameters (see (5.41)) and k − 1 Stueckelberg scalar fields (see (5.19) ). This implies that having gauged away the Stueckelberg vector fields and Stueckelberg scalar fields we still have one surviving gauge symmetry that is generated by vector gauge transformation parameter ǫ A 1,−k−1 and one surviving gauge symmetry that is generated by scalar gauge transformation parameter ǫ 0,−k . These two surviving gauge symmetries are nothing but the gauge symmetries of the generic higher-derivative formulation (5.6),(5.7).
Realization of conformal boost symmetries. To complete ordinary-derivative formulation of spin 2 field we provide realization of the conformal algebra symmetries on the space of the ket-vector |φ . All that is required is to fix operators M AB , ∆ and R A for the case of spin 2 conformal field and then use these operators in (2.17)-(2.20). For the case of spin 2 field the spin matrix of the Lorentz algebra takes the form
Realization of the operator of conformal dimension ∆ on space of |φ can be read from (5.21),
63) ii 
71)
2nd solution:
76) 
where the second-derivative Einstein-Hilbert and Maxwell operators E EH , E M ax are given by
In terms of component fields, the gauge transformations (5.48) take the form i) Lagrangian should not involve higher than second order terms in derivatives. ii) gauge transformations and operator R A should not involve higher than first order terms in derivatives. iii) Lagrangian should be invariant with respect to gauge transformations and global conformal algebra transformations. These requirements allow us to fix Lagrangian, gauge transformations, and operator R A uniquely for arbitrary d ≥ 4. For the case of spin 2 conformal field in d = 4, we find alternative derivation based on approach of Ref. [38] . This alternative derivation is outlined in Appendix C. In Appendix C, we also present ordinary-derivative form of spin 2 conformal theory in general gravitational background.
14 Note that, as compared to normalization used in (5.29),(5.48) we made re-scaling φ 
Spin 1/2 conformal fermionic Dirac field
We now extend our discussion to the case of conformal half-integer spin fermionic fields. As a warm up we start with fermionic spin 1/2 Dirac field. To make contact with studies in earlier literature we start with presentation of the standard higher-derivative formulation for the fermionic field.
Higher-derivative formulation of spin 1/2 conformal fermionic field
In the framework of the standard approach, spin 1/2 conformal fermionic field propagating in flat space of arbitrary dimension d is described by Lagrangian
where k is positive integer,ψ = ψ † γ 0 , and ψ stands for complex-valued non-chiral Dirac field 15 . Here and below spinor indices are implicit. For k = 0, the Lagrangian (6.1) describes field associated with unitary representation of the conformal algebra so(d, 2). For k ≥ 1, fermionic field described by Lagrangian associates with non-unitary representation of the conformal algebra. The field ψ has conformal dimension
Ordinary-derivative formulation of spin 1/2 conformal fermionic field
Field content. In the framework of ordinary-derivative approach, a dynamical system that onshell equivalent to the single non-chiral Dirac field ψ with Lagrangian (6.1) and conformal dimension (6.2) is described by 2k + 1 non-chiral Dirac fields 16 , 
15 Chiral fermionic field can be introduced by allowing the field ψ to be positive-chirality (or negativechirality). 16 Chiral fermionic fields can be introduced by allowing the fields in (6.3) to be positive-chirality (or negativechirality), while the fields in (6.4) to be negative-chirality (or positive-chirality).
We note that, on-shell, the field ψ 0,−k in (6.3) can be identified with the generic fermionic field (6.1),
In order to obtain the Lagrangian description of a conformal field in an easy-to-use form we use the creation and annihilation operators υ ⊕ , υ ⊖ ,ῡ ⊖ ,ῡ ⊕ . Using creation operators υ ⊕ , υ ⊖ , we collect fields (6.3), (6.4) into 2-vector ket-vector |ψ defined by
, (6.8)
Definition of the ket-vector |ψ (6.8) implies the following algebraic constraints
11)
The constraints (6.11) and (6.12) tell us that the ket-vectors |ψ (0) (6.9) and |ψ (1) (6.9) are the respective degree k and k − 1 homogeneous polynomials in the oscillators υ ⊕ , υ ⊖ . Lagrangian. Lagrangian of the conformal theory under consideration can be written in the form 17 iL = ψ|E|ψ , (6.13) where operator E is given by
14)
Realization of conformal boost symmetries. To complete ordinary-derivative description of the spin 1/2 field we provide realization of the conformal algebra symmetries on the space of the ket-vector |ψ . All that is required is to fix operators M AB , ∆ and R A for the case of spin 17 The bra-vector ψ| is defined according the rule ψ| = (|ψ )
1/2 conformal fermionic field and then use these operators in general relations (2.17)-(2.20) which are valid for arbitrary spin fields. For the case of spin 1/2 field the spin matrix of the Lorentz algebra takes the form
Realization of the operator of conformal dimension ∆ on space of |φ can be read from (6.6),
Representation of the operator R A on space of |ψ is given by
20)
23) 27) where E appearing in (6.22) is defined in (6.14) and r E,1± (6.26), subject to hermicity condition (6.27) , is arbitrary function of the operator ∆ ′ .
This form of the operator R A is fixed uniquely by requiring that the Lagrangian be invariant with respect to transformations generated by conformal boost operator K A .
Two remarks are in order. i) R 
Note that, for k = 1, r E,1− = 0.
Spin 3/2 conformal fermionic Dirac field
We now extend our discussion of fermionic fields to the case of spin 3/2 conformal fermionic field. As before to make contact with studies in earlier literature we start with presentation of the standard, i.e. higher-derivative, formulation for the fermionic spin 3/2 Dirac field. In due course, we review our result concerning the counting of on-shell D.o.F for spin 3/2 conformal field.
Higher-derivative formulation of spin 3/2 conformal fermionic Dirac field
In the framework of the standard approach, spin 3/2 conformal fermionic Dirac field propagating in flat space of arbitrary dimension d ≥ 4 is described by Lagrangian 
3) 18 Chiral spin 3/2 fermionic field can be introduced by allowing the field ψ A to be positive-chirality (or negative-chirality). 19 In Ref. [1] , operator P AB 3/2 was given for d = 4. Generalization to arbitrary d is straightforward. All that is required is to respect the relations (7.4), (7.5 ) and the hermicity condition (iγ
Lagrangian (7.1) is invariant with respect to gauge transformations
where ǫ and λ are parameters of gauge transformations. We now discuss on-shell D.o.F of the conformal theory under consideration. As before, for this purpose, we use fields transforming in representations of the so(d − 2) algebra. Namely, we classify on-shell D.o.F by spin labels of the so(d−2) algebra. One can prove (see Appendix D for details) that on-shell D.o.F are described by 2k + 1 non-chiral vector-spinor fields ψ I 1,k ′ and 2k − 1 non-chiral spinor fields ψ 0,k ′ 20 :
The ψ I 1,k ′ , ψ 0,k ′ are complex-valued fermionic fields and they transform in the respective nonchiral vector-spinor and non-chiral spinor representations of the so(d − 2) algebra 21 . We note that on-shell D.o.F given in (7.11) appear only for d ≥ 6 (i.e. k ≥ 2). Total number of complex-valued on-shell D.o.F shown in (7.8)-(7.11) is given by:
We note that this ν is a sum of D.o.F for fields given in (7.8)-(7.11) 22 :
13) 20 If the generic conformal field ψ has positive (or negative) chirality, then the fields in (7.8),(7.10) should have positive (or negative) chirality, while the fields in (7.9),(7.11) should have negative (or positive) chirality. 21 These fields are subject to the standard constraints γ
22 Total D.o.F ν (7.12) for spin 3/2 conformal fermionic field in d = 4 was found in [1] . Decomposition of ν (7.13) into irreps of the so(d − 2) algebra for the case of d = 4 spin 3/2 conformal field was carried out in [37] .
In Appendix D, we use light-cone approach to generalize these results to the case of arbitrary d ≥ 4.
Ordinary-derivative formulation of spin 3/2 conformal fermionic Dirac field
Field content. To discuss ordinary-derivative and gauge invariant formulation of spin 3/2 conformal non-chiral Dirac field in flat space of dimension d ≥ 4 we use 2k + 1 non-chiral vector-spinor Dirac fields ψ A 1,k ′ and 2k − 1 non-chiral spinor Dirac fields ψ 0,k ′ : Also, we note that fields in (7.18)-(7.21) have conformal dimensions
In order to obtain the gauge invariant description in an easy-to-use form we use, as usually, a set of the oscillators α A , ζ, υ ⊕ , υ ⊖ . The fields (7.18)-(7.21) can then be collected into a 2-vector ket-vector |ψ defined by
where 2-vector ket-vectors |ψ 1 , |ψ 0 are defined by
It is easy to see that the ket-vector |ψ (7.24) satisfies the following algebraic constraints:
The constraint (7.30) tell us that the ket-vector |ψ (7.24) is degree 1 homogeneous polynomial in the oscillators α A , ζ. From the constraints (7.31),(7.32), we learn that a) the ket-vector |ψ Lagrangian. Lagrangian we found takes the form iL = ψ|E|ψ , (7.33) where operator E is given by
34)
35)
36)
We note that E (1) (7.35) is standard first-order Rarita-Schwinger operator rewritten in terms of the oscillators. Gauge transformations. We now discuss gauge symmetries of the Lagrangian. To this end we introduce gauge transformation parameters,
The gauge transformations parameters ǫ 0,k ′ are non-chiral spinor fields of the Lorentz algebra so(d − 1, 1). As usually, we then collect gauge transformation parameters in ket-vector |ǫ defined by
The ket-vector of gauge transformation parameters |ǫ satisfies the algebraic constraints
which tell us that the ket-vector |ǫ (0) (7.43) is degree k homogeneous polynomial in υ ⊕ , υ ⊖ , while the ket-vector |ǫ (1) (7.44) is degree k − 1 homogeneous polynomial in υ ⊕ , υ ⊖ . Gauge transformations take the form δ|ψ = (α∂ + F )|ǫ , (7.47)
48)
49)
Realization of conformal boost symmetries. To complete ordinary-derivative description of the spin 3/2 field we provide realization of the conformal algebra symmetries on the space of the ket-vector |ψ . All that is required is to fix operators M AB , ∆ and R A for the case of spin 3/2 conformal fermionic field and then use these operators in (2.17)-(2.20). For the case of spin 3/2 field, the spin matrix of the Lorentz algebra takes the form
Realization of the operator of conformal dimension ∆ on space of |ψ can be read from (7.23),
A , (7.55)
61)
r † E,a± = r E,a± a = 1, 4, 9 ; (7.74)
where G (7.57) stands for operator of gauge transformation (7.47), G = α∂ + F , while E appearing in (7.58) is defined in (7.34), and r G,a± , r E,a± (7.72), (7.73) are arbitrary functions of the operator ∆ ′ . The functions r E,a± are subject to hermitian conjugation rules in (7.74), (7.75) .
Note that the operators r G,2 and r E,a , a = 5, 6, 7, 8 are non-trivial only for k ≥ 2 (i.e. d ≥ 6). This form of the operator R A is fixed uniquely by requiring that the Lagrangian be invariant with respect to transformations generated by the conformal boost operator K A .
Two remarks are in order. i) R ii) Evaluating commutator 
Conclusions
We have developed the ordinary-derivative formulation of conformal fields in flat space of arbitrary dimension. In this paper we applied this formalism to the study of low spin fields.
Because the formulation we presented is based on use of oscillator realization of spin degrees of freedom of gauge fields it allows straightforward generalization to higher-spin conformal fields. Comparison of formulation we developed with other approaches available in the literature leads us to the conclusion that this is a very interesting and attractive formulation. The results presented here should have a number of interesting applications and generalizations, some of which are:
i) generalization to supersymmetric conformal field theories and applications to conformal supergravities in various dimensions [39] - [44] . Note that in this paper we work out Lagrangians and realization of conformal symmetries for all fields that appear in supermultiplets of conformal supergravities and involve higher-derivative contributions to Lagrangian of conformal supergravity. The first step in this direction would be understanding of how the supersymmetries are realized in the framework of our approach which suggests new gauge fields content for study of (super)conformal gravities.
ii) extension of our approach to interacting (super)conformal low spin 24 and higher-spin field theories. Such theories taken to be in cubic approximation were discussed [46, 47] . Our approach to conformal theories is based on new realization of conformal gauge symmetries via Stueckelberg fields. In our approach, use of Stueckelberg fields is very similar to the one in gauge invariant formulation of massive fields. Stueckelberg fields provides interesting possibilities for study of interacting massive gauge fields (see e.g. [48, 49] ). So we think that application of our approach to the (super)conformal interacting fields 25 should lead to new interesting development. iii) BRST approach is one of powerful approaches to analysis of various aspects of relativistic dynamics (see e.g. [52] ). Though BRST approach was extended for study of higherderivative theories (see e.g. [53] ), it seems that this approach is conveniently adopted for ordinary-derivative formulation. BRST approach was extensively developed in recent time (see e.g. [54] - [59] ) and was applied to ordinary-derivative Lagrangian theories of massless and massive fields in flat and AdS space. Because AdS theories and conformal theories share many algebraic properties, application of previously developed various BRST methods to study of ordinary-derivative conformal field theories should be relatively straightforward.
iv) There are other various interesting approaches in the literature which could be used to discuss ordinary-derivative formulation of conformal theories. This is to say that various formulations in terms of unconstrained fields in flat space and (A)dS space may be found e.g. in [60] - [62] .
v) Mixed symmetry fields [63, 64] have attracted considerable interest in recent time (see e.g. [65] - [70] ). In AdS space, massless mixed symmetry fields, in contrast to massless fields in Minkowski space whose physical degrees of freedom transform in irreps of o(d−2) algebra, reduce to a number of irreps of so(d − 2) algebra. In other words, not every massless field in flat space admits a deformation to AdS d with the same number of degrees of freedom [71] . It would be interesting to check this phenomena for the case of mixed symmetry conformal fields.
vi) extension of our approach to light-cone gauge conformal fields and application to analysis of interaction of conformal fields to composite operators constructed out fields of supersymmetric YM theory 26 . We expect that a quantization of the Green-Schwarz AdS superstring with a Ramond -Ramond charge will be available only in the light-cone gauge [72, 73] . Therefore it seems that from the stringy perspective of AdS/CF T correspondence the light-cone approach to conformal field theory is the fruitful direction to go. We strongly believe that the approach developed in this paper will be useful for better understanding conformal field theory.
where here and below we use the notation ∂φ ≡ ∂ A φ A . Making use of light-cone gauge
we obtain from '+' components of Eq.(A.1) ,
As usually, kernel of operator ∂ + is assumed to be trivial. Therefore Eq. 
and k scalar fields
where the generic conformal vector field φ A is identified as
we derive the ordinary-derivative form of Eqs.(A.4), (A.5)
where we use the conventions
Note that light-cone gauge for generic field (A.2) implies the following light-cone gauge for fields in (A.6), φ
28 Light-cone coordinates in ± directions are defined as x ± = (x d−1 ± x 0 )/ √ 2 and x + is taken to be a lightcone time. We adopt the conventions:
Light-cone gauge (A.13) and constrains (A.10) allow us to express φ − 1,k ′ in terms of on-shell vector fields φ I 1,k and scalar fields φ 0,k ′ ,
(A.14)
To summarize, we have k + 1 on-shell vector fields φ
Appendix B Counting of on-shell D.o.F for spin 2 conformal field
We analyze on-shell D.o.F for spin 2 conformal field that is described by Lagrangian (5.3). Lagrangian (5.3) leads to E.o.M 
where here and below we use the notation ∂∂φ ≡ ∂ A ∂ B φ AB . Plugging (B.5) in (B.1) we
where here and below we use the notation (∂φ)
To summarize, the generic E.o.M (B.1) amount to equations
Making use of the notation φ
we rewrite Eqs.(B.8)-(B.10) into ordinary-derivative form
where we use the conventions (∂φ 2,
Light-cone gauge and constrains (B.15),(B.16) allow us to express non-dynamical fields φ
To summarize, we have k + 1 on-shell traceless rank-2 tensor fields φ
Appendix C Derivation of ordinary-derivative Lagrangian for spin 2 conformal field in d = 4
In this Appendix, we outline derivation of ordinary-derivative Lagrangian for spin 2 conformal field in d = 4 by using the gauge invariant formulation of 4d conformal gravity given in Ref. [38] . Thus, we start with Lagrangian in Ref. [38] ,
where Gauss-Bonnet G B , which can conveniently represented as
is expressed in terms generalized Riemann tensor R AB µν . This tensor, expanded over flat space, takes the form
The conformal graviton field h Their gauge transformations are given by
where ǫ A , ǫ (K) , ǫ (D) are gauge transformation parameters. Because of the generalized Riemann tensor R AB µν (C.3) is invariant with respect to gauge transformations (C.7)-(C.9), the Lagrangian (C.1) is also gauge invariant.
We rewrite the Lagrangian (C.1) explicitly in terms of f 
Plugging this solution in the Lagrangian (C.10) we obtain the standard higher-derivative Weyl Lagrangian,
(C.14)
We now turn to derivation of ordinary-derivative Lagrangian. To this end we introduce a decomposition of f ν µ into symmetric and antisymmetric tensor fields,
where
In terms of fields s µν and a µν , the Lagrangian (C.10) takes the form
where we use the notation
We now consider E.o.M for the antisymmetric tensor field a µν , where we use the notation ξ∂ = ξ µ ∂ µ .
Appendix D Counting of on-shell D.o.F for spin 3/2 conformal field
We analyze on-shell D.o.F for spin 3/2 conformal field that is described by the standard higherderivative Lagrangian given in (7.1). Lagrangian (7.1) leads to E.o.M,
We now analyze E.o.M (D.1) by using light-cone gauge to fix gauge symmetry (7.6) and gamma-transversality condition to fix gauge symmetry (7.7), 
